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We study binary opinion dynamics in a social network with stubborn agents who influence others but do
not change their opinions. We focus on a generalization of the classical voter model by introducing nodes
(stubborn agents) that have a fixed state. We show that the presence of stubborn agents with opposing
opinions precludes convergence to consensus; instead, opinions converge in distribution with disagreement
and fluctuations. In addition to the first moment of this distribution typically studied in the literature, we
study the behavior of the second moment in terms of network properties and the opinions and locations of
stubborn agents. We also study the problem of optimal placement of stubborn agents where the location of a
fixed number of stubborn agents is chosen to have the maximum impact on the long-run expected opinions
of agents.
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1. INTRODUCTION

The most common approaches to opinion formation, which either build on Bayesian ap-
proaches or non-Bayesian consensus-type ideas, predict that opinion dynamics should
converge to agreement (consensus). In practice, we do not see such agreement. Instead,
most societies appear to exhibit persistent disagreement, even on topics on which there
is frequent communication (see [Acemoglu and Ozdaglar 2010] for a recent survey).

In this article, we investigate a model of binary opinion dynamics based on the
well-known voter model originally developed independently by Holley and Liggett
[1975] and Clifford and Sudbury [1973]. In this model, each individual holds one of
two opinions (e.g., pro- or anti-government). Society is modeled as a social network
(represented by a graph) in which each individual has a set of fixed neighbors with
whom she may communicate. At each date, some randomly chosen individual observes
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19:2 E. Yildiz et al.

or communicates with one of her neighbors and adopts her opinion. In addition to
capturing a simple form of opinion dynamics, the voter model is useful as a general
framework for the analysis of diffusion of practices, innovations, consumption deci-
sions, and epidemics.

In this article, we study an extension of the voter model by introducing stubborn
agents who have fixed opinions and thus do not update their beliefs1 (in terms of other
possible applications of the voter model, the stubborn agents would correspond to non-
susceptible subsets that still influence the behavior of others). We characterize the
effect of network structure and the opinion of stubborn agents (and their network
positions) on the long-run distribution of opinions. We also discuss how to optimally
influence opinion dynamics in such a setting.

In this model, stubborn agents with opposing views prevent consensus in society.
Moreover, the opinion of each individual does not necessarily settle into a fixed value.
Therefore, our generalized voter model generates the kind of persistent disagreement
that seems to be a better description of opinion dynamics in practice. Our first result
shows that despite fluctuations, agent opinions converge in distribution. Notably, the
long-run (limiting stationary) distribution of opinions depends only on network struc-
ture and the opinions and locations of stubborn agents; the initial opinions of non-
stubborn (regular) agents have no impact on long-run distribution of opinions. This
is intuitive in view of the fact that non-stubborn agents do respond to the opinions of
their neighbors, while stubborn agents do not.

Our second result characterizes the expected opinion of each agent in the society in
the long run, given by the first moment of the stationary distribution of agent opin-
ions, in terms of the properties of random walks on the underlying network. We show
that the expected opinion of each agent can be described in terms of the absorption
probabilities of a random walk, where stubborn individuals correspond to absorbing
states.

Our third result characterizes the fluctuations in agent opinions in the long run in
terms of the properties of coalescing random walks on the underlying network. We
use the variance of the average opinion of the society as a measure of fluctuations.
We provide an explicit characterization of the variance in terms of the solution of har-
monic equations defined on a product graph, which captures the dynamics of coalescing
random walks on the social network. Using this characterization, we then provide es-
timates (upper bounds) on the variance as a function of the network structure, as well
as the locations of the stubborn agents. Our estimates show a tight link between the
opinion dynamics of individuals that are highly influential (central) and the overall
extent of fluctuations in society. This also enables us to show how the details of the
network structure can turn a society with a relatively stable distribution of opinions
(relatively limited fluctuations) to one with unstable opinions (high fluctuations).

Finally, we use this framework to study the problem of optimal stubborn agent place-
ment. Imagine that we are able to choose the location of k stubborn agents of one type
in an otherwise known network, and we would like to do this to achieve maximum
impact on the limiting expected opinions. We show that this optimization problem has
a solution in closed form in terms of the fundamental matrix of a Markov process for
k = 1. For k > 1, we introduce a greedy algorithm for the maximization problem and
bound the level of suboptimality of the resulting solution.

Our article is related to a large and growing literature studying diffusion of innova-
tions, opinions, and epidemics on networks. The seminal work by Bass [1969] provides
a tractable mathematical framework for the analysis of such diffusion processes in

1This particular idea was first proposed by [Mobilia 2003; Mobilia et al. 2007].
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Binary Opinion Dynamics with Stubborn Agents 19:3

the absence of underlying network interactions. The diffusion of diseases are more
commonly studied by Bailey [1975] and Kermack and McKendrick [1991] under sus-
ceptible, infected, susceptible (SIS) and susceptible, infected, removed (SIR) models, re-
spectively. In both SIS and SIR models, the diffusion is explained through the process
of already-infected agents infecting their susceptible neighbors, which is generally as-
sumed to be stochastic. Kleinberg [2007] and Kempe et al. [2003, 2005] consider related
models of decision of new products over networks.

Diffusion and the dynamics of opinions in social networks have been studied in the
related framework introduced by DeGroot [1974], where opinions of individuals are
modeled as continuous variables (which may correspond to beliefs about certain un-
derlying state variable or the probability that a given statement is true). The interac-
tion patterns are captured through near-neighbor-based linear updates. Because the
updates of the DeGroot model has the exact same form as the synchronous average
consensus algorithms (see [Tsitsiklis 1984]), its analysis is relatively straightforward
(see, e.g., [Golub and Jackson 2010]). Acemoglu et al. consider an extension of the De-
Groot model, where updates are asynchronous and certain individuals are spreading
misinformation by not updating their own beliefs ([Acemoglu et al. 2011]). Under the
assumption that no man is an island, that is, each and every individual will update her
belief with a nonzero probability, they show that society will converge to a consensus.

Finally, another literature also discusses opinion dynamics in a Bayesian setting,
where individuals either observe the actions of others and/or communicate with them
and update their beliefs about an underlying state variable (see, e.g., [Acemoglu et al.
2010b; Banerjee 1992; Jackson 2008]).

The binary voter algorithm, which our proposed model is based on, was introduced
independently in Holley and Liggett [1975] and Clifford and Sudbury [1973]. In this
model, each agent in the society can have two possible positions on a given subject,
{0} or {1}. Periodically, each individual reassesses her opinion in the following way:
she chooses one of her neighbors randomly and adopts the chosen neighbor’s behavior.
There exists a vast volume of literature on the limiting behavior of the binary voter
model on both infinite lattices and finite heterogenous topologies, as well as the biased
voter model, where each individual has exogenous preferences on the possible choices
([Cox and Griffeath 1986; Gray 1986; Kearns and Tan 2008; Krapivsky 1992; Liggett
2005; Sood and Redner 2005]). However, the exact model we are interested in contains
two sets of stubborn nodes which hold distinct views and do not change their opinions
at all. These individuals can be thought of as islands who continuously influence their
neighbors through the original voter model update rule, but never update their deci-
sions. This particular idea was first proposed by Mobilia et al. [2007]; Mobilia [2003],
and the behavior of the system has been analyzed on certain homogenous graphs by
mean field approximation. Wu and Huberman develop an analysis based on averag-
ing over random graphs as well as mean field approximation to take into account the
structure of the underlying social network [2004], while Chinellato et al. also use mean
field approximation based analysis for a more general class of models [2007]. However,
given the dependence of opinion dynamics on the location of stubborn agents, mean
field approximation and/or averaging over random topologies are less likely to be reli-
able in this context (see our discussion in Section 5.1).

Finally, Acemoglu et al. study opinion fluctuations and disagreement over a general
social network in a model with continuous opinions ([Acemoglu et al. 2010a]). Their
results are complementary to those presented here and use a different mathematical
approach. Our model focuses on dynamics of binary opinions and provides a general
characterization of the relationship between the location of stubborn agents and the
long-run opinion distribution. The analysis of optimal placement of stubborn agents is
also considered only in this article.

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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19:4 E. Yildiz et al.

The rest of the article is organized as follows. Basic notation and terminology are
discussed in Section 1.1. In Sections 2.1 and 2.2, we introduce our model and show that
agent opinions converge in distribution. We review the dual approach for the original
voter model and introduce a new dual for the voter model with stubborn agents in
Section 2.3. In Section 3, we focus on the average opinion of the society and show that
the average opinion converges in distribution. In Sections 3.1 and 3.2, we characterize
the first two moments of the limiting distribution of the average opinion and introduce
corresponding bounds.

We introduce a convergence time measure for our model in Section 4. In Section 5, we
focus on the optimal agent placement problem and discuss our results in detail. Finally,
we conclude in Section 6. To ease exposition of our results, we decided to relegate the
proofs to the Appendix.

1.1. Notation and Terminology

A vector will be denoted by a lower-case letter, and all vectors are assumed to be column
vectors unless stated otherwise. For a given vector x, xi denotes the ith element of the
vector x. x′ denotes the transpose of x. Matrices will be denoted by upper-case letters,
and for a given matrix T, [T]ij denotes the entry in the ith row and jth column. Tk

will denote the kth power of a given matrix T. P(.) and E{.} denote the probability
and the expectation of their arguments, respectively. Equality relations among random
variables will denote equivalence in probability measures unless stated otherwise. e
represents the exponential constant and log(.) denotes the natural logarithm. Denoting
N as the size of the society and f (N), g(N) : N → R

+ ∪ {0}, asymptotic bounds are
defined as follows.

— f (N)∈O(g(N))⇒ there exists k, N0 > 0, s.t for all N > N0, f (N) ≤ g(N)k.
— f (N)∈ω(g(N))⇒ for all k, there exists N0 > 0, s.t. for all N > N0, f (N) ≥ g(N)k.
— f (N) ∈ �(g(N)) ⇒ there exists k1, k2, N0 > 0, s.t. for all N > N0, g(N)k1 ≤ f (N) ≤

g(N)k2.

2. THE VOTER MODEL AND THE DUAL APPROACH

2.1. The Binary Voter Model with Stubborn Agents

We consider a set of agents V = {1, . . . , N}, N < ∞, situated in a social network rep-
resented by a directed graph G(V, E), where E is the set of edges representing the con-
nectivity among these individuals.2 An edge (i, j) ∈ E is considered to be directed from
i to j; j is called the head and i is called the tail of the edge. We define the neighbor
set of agent i ∈ V as Ni = {j |(i, j) ∈ E}. These are the individuals who could poten-
tially influence agent i’s opinion. We assume that there are two nonempty disjoint sets
of stubborn agents V0,V1 ⊂ V. Stubborn agents never change their opinions , while
non-stubborn agents update their opinions based on the information they receive from
their neighbors.

We use xi(t) to denote the opinion (state) of agent i at time t and x(t) = [xi(t)]i=1,...,N
to denote the agent opinion (state) vector at time t. We assume that each non-stubborn
agent i starts from an arbitrary initial value xi(0) ∈ {0, 1} and updates her opinion
according to the binary voter model (see Holley and Liggett [1975]). Each non-stubborn
agent i ∈ V \ {V0 ∪ V1} reassesses her opinion according to a rate γ = 1 Poisson process

2Throughout the article, we will use the terms agent, individual, and node interchangeably. Similarly, the
terms network and graph will be used interchangeably.

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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Binary Opinion Dynamics with Stubborn Agents 19:5

independently. At each Poisson arrival, she chooses one of her neighbors uniformly at
random and adopts her decision. Each stubborn agent is also recognized according to
a rate γ = 1 Poisson process independently; however, she never changes her opinion,
that is,

xi(t) =
{

0, for all t ≥ 0, if i ∈ V0,
1, for all t ≥ 0, if i ∈ V1.

(1)

We refer to this model of opinion dynamics as the (binary) voter model with stubborn
nodes.

Our goal in this article is to characterize the asymptotic behavior of the agent opin-
ions x(t) in terms of the underlying graph G and the location of stubborn agent sets V1
and V0.

We adopt the following assumptions throughout.

Assumption 1. For each non-stubborn node i ∈ V \ {V0 ∪ V1}, there exists a directed
path from node i to at least one stubborn node.

This assumption imposes the mild restriction that every non-stubborn individual in
the network can reach at least one stubborn agent through (possibly) a multihop path.

2.2. Effects of Stubborn Agents: From Consensus to Disagreement

The voter model without the stubborn agents was introduced independently [Clifford
and Sudbury 1973; Holley and Liggett 1975]. The convergence behavior of agent states
generated with this model was studied extensively in the literature. In particular, it
was shown [Aldous and Fill 1994] that agent states reach a consensus over any con-
nected graph G, that is,

lim
t→∞P(xi(t) �= xj(t)) = 0, for all i, j ∈ V. (2)

Liggett showed that this result can be extended to d-dimensional infinite lattices for
d = 1, 2 (see [Cox and Griffeath 1986; Holley and Liggett 1975; Liggett 2005]). For
d ≥ 3, he showed that x(t) approaches a nontrivial equilibrium where the individual
state values are neither independent nor fully correlated with each other.

In the voter model with stubborn agents, agent states do not necessarily reach a
consensus, since every agent is potentially (indirectly) connected to stubborn agents
with distinct opinions which are never updated. Instead, we show in the following that
the agent state vector converges in distribution, that is, there exists a random vector
x� such that

lim
t→∞Fx(t)(z) = Fx� (z), for all z ∈ R

N at which Fx� (z) is continuous.

We note that Fx(t) and Fx� (z) represent cumulative distributions of the random vectors
x(t) and x�, respectively. In the rest of the article, we will denote convergence in distri-

bution as x(t)
D−→ x�. We refer to the probability distribution of the random vector x∗ as

the stationary distribution of agent state vector x(t), and x�
i as the asymptotic opinion

of agent i.

THEOREM 2.1. Let Assumption 1 hold. The agent state vector x(t) has a unique
stationary distribution.

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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19:6 E. Yildiz et al.

Our proof is based on the fact that the stochastic process governing the evolution of
x(t) is a continuous-time Markov process with a single recurrent class.3 We note that
the unique stationary distribution of x(t) is a function of the underlying graph G and
the stubborn sets V0,V1, and is independent of the initial opinions of the non-stubborn
agents. The argument follows from the fact that the stationary distribution of x(t) is
unique, thus it is independent of the initial conditions. Hence, the initial opinions of
the non-stubborn agents do not have any effect on the collective opinion of the society
in the long run.

In the following, we will characterize the first two moments of the stationary dis-
tribution. However, we will first introduce the dual approach for the voter model with
stubborn agents, which will play a key role in the subsequent analysis.

2.3. The Dual Approach for the Voter Model with Stubborn Agents

One of the key methods in the analysis of the voter model (without the stubborn
agents) is the dual approach, where the agent state evolution is related to a dual pro-
cess defined through coalescing random walks on the graph G (see [Diekmann et al.
1999; Holley and Liggett 1975; Liggett 2005] for more details). In the following, we
first briefly describe the dual approach for the voter model and then show that a simi-
lar process can be defined even in the presence of stubborn agents.

2.3.1. The Dual Approach for the Original Voter Model. The following discussion is based on
material introduced in Diekmann et al. [1999, Chapter 1.1]. For a given agent i ∈ V
and time instant T ≥ 0, we define a random walk {YT

i (T − s) : s ∈ [0, T] } on G such
that

YT
i (T − s) = m,

if and only if there is a sequence of nodes {ul}n
l=0 with u0 = i, un = m and an increasing

sequence of times {rl}n+1
l=0 with r0 = 0, rn+1 = s and the following hold.

(1) Agent ul−1 ∈ V has adopted the opinion of agent ul at time T−rl for all l ∈ {1, . . . , n}.
(2) Agent ul−1 ∈ V has not reassessed her opinion in (T − rl, T − rl−1] for all l ∈

{1, . . . , n}.
(3) Agent un ∈ V has not reassessed her opinion in [T − rn+1, T − rn].

Using the definition, we can show that

xi(T) = xYT
i (T−s)(s), s ∈ [0, T] . (3)

In other words, the opinion of agent i at time T is equal to the opinion of agent YT
i (T−s)

at time s. Therefore, the random walk YT
i (T − s) tracks the source of the opinion of

agent i at time T. We emphasize that YT
i (T − s) is reverse in time, and the direction of

YT
i (T − s) is opposite to the direction of copying opinion.
Figure 1(a) illustrates a sample update path for the voter model. In this example,

we focus on a snapshot of the voter model process t ∈ [0, T] on a line network with
four nodes. The x-axis denotes different individuals in the network, and the y-axis
denotes the continuous time interval. Whenever an agent adopts the opinion of one
of her neighbors, it will be denoted by an arrow from that agent to her neighbor. For
instance, agent 4 adopts the opinion of agent 3 at time instant t1, thus there exists an

3A continuous-time Markov process is a stochastic process with the Markovian property and continuous
time state updates. See proof of Theorem 2.1 for detailed discussions about the process.

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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Fig. 1. Sample paths for the voter model and the corresponding dual process.

arrow directed from agent 4 to agent 3 at t1. If we focus on the process YT
i (T − s) for

i = 1, we observe that

YT
1 (T − s) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 for s ∈ (t4, T],
2 for s ∈ (t3, t4],
3 for s ∈ (t2, t3],
4 for s ∈ (t1, t2],
3 for s ∈ [0, t1].

Agent i = 1 does not reevaluate her opinion on the time interval (t4, T] according to
Figure 1(a). This implies that YT

1 (T − s) is equal to 1 on s ∈ (t4, T]. However, agent
1 adopts the opinion of agent 2 at time t4, therefore YT

1 (T − s) jumps to 2 at s = t4
and stays there until agent 2 adopts the opinion of agent 3 at time t3. Similarly, one
can show that YT

1 (T) = 3, thus x1(T) = x3(0) by Eq. (3). In other words, the opinion of
agent i at time instant T is equal to the opinion of agent 3 at time 0.

We note that the randomness in YT
i (T − s) is due to the fact that agents adopt the

opinions of randomly chosen neighbors at random times. Since each individual is real-
ized according to a rate 1 Poisson process in the voter model, the random walk YT

i (T−s)
is also a rate 1 random walk on G.

Moreover, if we want to track the origins of opinions of multiple agents, that is, at
B ⊆ V, then we can define a joint process

YT
B (T − s) = {YT

i (T − s)|i ∈ B}, (4)

such that the following hold.

— For any i, j ∈ B, random walks YT
i (T − s), YT

j (T − s) move independently until they
hit.

— If two random walks meet at r ∈ [0, T], then they will collide and move together,
that is, YT

i (T − s) = YT
j (T − s), s ∈ [0, r].

The crucial point is that if two or more of these processes reside at the same location
at the same time, they will collide and move together, since the origin of the opinion
at that node and time will be the same for both processes. Therefore, the joint process
YT
B (T − s) defines coalescing random walks on graph G, which will be referred to as the

dual process for the voter model.
The dual process for the sample path in Figure 1(a) is given in Figure 1(b). We note

that at s = t1, there exists a single walk on the network, that is, all four random
walks have already coalesced into a single one, and the joint walk resides at node 3.

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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19:8 E. Yildiz et al.

Therefore, the agent states reach a consensus before time T in our example, and the
consensus value is given by the initial opinion of agent 3.

2.3.2. The Dual Approach for the Voter Model with Stubborn Agents. In this case, we define a
new random walk ỸT

i (T − s) on G. ỸT
i (T − s) is a random walk on G with the stubborn

nodes being absorbing states of the walk. In other words, if a sample path of the process
hits one of the stubborn nodes j ∈ {V0 ∪V1}, it will be absorbed by that particular node,
that is,

ỸT
i (T − s�) = j, j ∈ {V0 ∪ V1} ⇒ ỸT

i (T − s) = j, s ∈ [0, s�] .

We note that ỸT
i (T − s) tracks the source of the opinion of agent i ∈ V at time T under

the voter model with stubborn agents. The preceding argument follows from the fact
that stubborn nodes do not adopt the opinions of their neighbors; therefore, the random
walk has to be absorbed by the stubborn nodes. The formal proof is a slight extension
of Corollary 4.15 in Holley and Liggett [1975, Chapter 3], thus it is omitted.

Similarly, if we want to track the origins of opinions of multiple agents, that is, at
B ⊆ V, then we can define a joint process

ỸT
B (T − s) = {ỸT

i (T − s)|i ∈ B}, (5)

such that the following hold.

— For any i, j ∈ B, random walks ỸT
i (T − s), ỸT

j (T − s) move independently until they
hit.

— If two random walks meet at r ∈ [0, T], then they will collide and move together,
that is, ỸT

i (T − s) = ỸT
j (T − s), s ∈ [0, r].

The joint process ỸT
B (T − s) defines coalescing random walks on graph G with stubborn

nodes being absorbing states, which will be referred as the dual process for the voter
model with stubborn agents.

Finally, we note that for a given T ≥ 0, ỸT
i (T − s) is defined for s ∈ [0, T]. We define a

generalized process Ỹi(T − s), which is defined for all s ≥ 0, by requiring that Ỹi(T − s)
and ỸT

i (T − s) have the same distribution for any T ≥ 0 on the interval s ∈ [0, T].
Similarly, one could define a generalized coalescing random walk ỸB(T − s) for any
given subset B ⊂ V.

3. THE AVERAGE OPINION OF THE SOCIETY

In many applications, such as political elections, we are interested in understanding
the collective opinion of the society. Therefore, in the rest of the article, we study the
average opinion of the society, that is,

x̄(t) = 1
N

∑
i∈V

xi(t). (6)

The following is an immediate corollary of Theorem 2.1.

COROLLARY 3.1. The average opinion of the society converges in distribution, that
is, there exists a random variable x̄� ∈ R such that

x̄(t)
D−→ x̄�.

In the rest of the article, we refer to x̄� as the (asymptotic) average opinion. In the
following, we will characterize the first two moments of the stationary distribution of

ACM Transactions on Economics and Computation, Vol. 1, No. 4, Article 19, Publication date: December 2013.
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the average opinion of the society. In particular, we will focus on the quantities E{x̄�}
and σ(x̄�) � E{(x̄�)2} − (E{x̄�})2.

3.1. Expected Value of the Average Opinion

We first focus on the first moment of the stationary distribution of the average opinion,
that is, E{x̄�}.

For a given graph G(V, E) and stubborn sets V0,V1, we define a random walk Z(t), t ≥
0, in terms of its transition rates as follows.

i → j =

⎧⎪⎨
⎪⎩

1
|Ni| , if i �∈ {V0 ∪ V1}, j ∈ Ni,
−1, if i �∈ {V0 ∪ V1}, i = j,
0, otherwise.

(7)

In other words, Z(t) corresponds to a continuous time random walk on G, where tran-
sitions at each node are uniform within its neighborhood, and the sets V0 and V1 form
two distinct absorbing classes. For a given i ∈ V, we define pi as the probability that
the random walk Z(t) initiated at node i is absorbed by the set V1, that is,

pi = lim
t→∞P(Z(t) ∈ V1|Z(0) = i).

The following proposition characterizes the expected value of the asymptotic opinion
of agent i.

PROPOSITION 3.2. The expected value of the asymptotic opinion of agent i ∈ V is
equal to the probability that the random walk Z(t) initiated at node i is absorbed by the
set V1, that is,

E
{
x�

i
} = pi.

Another way to interpret this result is the following: we focus on a scenario where
stubborn nodes are mavens on a given subject ([Gladwell 2002]). For instance, in the
case of political elections with two opponents, mavens are the individuals who are con-
fident about their decisions (left, right). In the case of new product diffusion, mavens
may have purchased the product already and assessed the true quality of the prod-
uct (high, low). An individual i, who is not a maven, is seeking reliable information
on the subject. She chooses one of her neighbors randomly and asks her opinion on
the subject. If the selected neighbor is a maven, the neighbor replies back with her
opinion, and individual i adopts it. Otherwise, the neighbor passes the query to one
of her randomly selected neighbors. The message-passing process continues until the
message hits a maven, and individual i adopts that particular maven’s opinion. In this
particular scenario, the probability that individual i adopts maven j’s opinion is the
frequency of messages originated from node i hitting j before hitting any other maven.
Similarly, if there are two classes of mavens V0 and V1, the probability that individual
i adopts V1’s opinion is the frequency of messages originated from node i hitting V1
before hitting V0, which, in the limit, is equal to pi. Therefore, for the purposes of ana-
lyzing expected opinion in the voter model, one may interpret non-stubborn agents as
individuals looking for information held by mavens (stubborn nodes) via naive random
search.

The expected value of the asymptotic opinion of an agent is an indicator of how
biased that particular individual is towards the opinion of the stubborn set V1. In
particular, the higher the expected value, the higher the bias and the more favorable
the agent towards opinion 1. In the rest of the article, we will refer to this quantity
as the bias of a given agent, even though it actually measures the bias of the agent
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towards opinion 1. Similarly, we will refer to the expected value of the asymptotic
average opinion as the bias of the society.

An immediate corollary of Proposition 1 is the following.

COROLLARY 3.3. The expected value of the asymptotic average opinion in Eq. (6) is
equal to

E
{
x̄�
} = 1

N

∑
i∈V

pi. (8)

This corollary characterizes the bias of the society in terms of the absorption probabili-
ties of the random walk in Eq. (7). We emphasize that these probabilities are functions
of the graph structure G as well as the locations of the stubborn sets V0 and V1.

3.2. Variance of the Average Opinion

In the previous section, we have characterized the bias of the society which measures
how favorable the society is towards opinion 1. This measure provides us information
about the long-run average behavior of the society. However, since it is in expecta-
tion, it does not capture the actual behavior of the society at a particular time t. We
characterize the fluctuations around the expectation using the variance of the average
opinion.

We first focus on the limit of the variance of the average opinion:

lim
t→∞ σ(x̄(t)) = lim

t→∞E

{
(x̄(t) − E {x̄(t)})2

}
= 1

N2

∑
i∈V

∑
j∈V

lim
t→∞

(
E
{
xi(t)xj(t)

} − E {xi(t)}E
{
xj(t)

})
, (9)

where σ(.) denotes the variance of its argument. Since we have already characterized
limt→∞ E {xi(t)} terms as the bias of individual i in Proposition 3.2, we will now focus
on the term limt→∞ E

{
xi(t)xj(t)

}
. In particular, we will show that limt→∞ E

{
xi(t)xj(t)

}
exists, for all i, j ∈ V and provides an explicit characterization for its value. We then
use this characterization to provide bounds on the variance as a function of the graph
properties.

Since xi(t) is a binary random variable, for all i ∈ V and all t ≥ 0, we have

lim
t→∞E

{
xi(t)xj(t)

} = lim
t→∞P(xi(t) = xj(t) = 1). (10)

Therefore, this particular term is equal to the probability that the opinions of agent
i and agent j are both equal to one in the limit. Due to potential correlation between
the values of agent i and j, one cannot estimate limt→∞ P(xi(t) = xj(t) = 1) in terms of
individual expectations. In the following, we will completely characterize these terms
by using the dual approach that we have introduced in Section 2.3.2.

As we have discussed in Section 2.3, for a given agent pair i, j, by choosing s = 0 in
Eq. (5), we have

(xi(t), xj(t)) = xỸ{i, j}(t)(0), t ≥ 0,

where Ỹ{i, j}(t) is the coalescing random walks initiated at nodes i and j, respectively.
We note that individual processes Ỹi(t) and Ỹj(t) are both random walks on G with
transition rates given in Eq. (7). Since G is a finite-size graph, the connectivity of G
is such that there exists a path from each non-stubborn node to at least one stubborn
node, and there exist two nonempty absorbing classes V0 and V1, then limt→∞ Ỹ{i, j}(t) ∈
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{V0 ∪ V1} × {V0 ∪ V1} with probability 1 [Seneta 1981, Chapter 4.2]. By noting that
xj(0) = 0 if j ∈ V0, and xj(0) = 1 if j ∈ V1,

lim
t→∞P(xi(t) = xj(t) = 1) = lim

t→∞P(Ỹ{i, j}(t) ∈ {V1 × V1}). (11)

In other words, the probability that the opinions of agents i and j are both equal to one
is equal to the probability that the coalescing random walks initiated at node i and
node j are both absorbed by the stubborn set V1.

To calculate this probability, we construct a product graph G′(V ′, E ′), where V ′ =
V × V. We denote each element of V ′ as (i, j), where i and j correspond to node indices
in the original graph G. We note that the cardinality of the set V ′ is N2. Moreover, there
exists an edge between two nodes (i, j) and (m, n) if one of the following holds.

— i = m, and there exists an edge between nodes j and n in the original graph G, that
is, (j, n) ∈ E .

— j = n, and there exists an edge between nodes i and m in the original graph G, that
is, (i, m) ∈ E .

— i = j, and m = n, and there exists an edge between nodes i and m in the original
graph G, that is, (i, m) ∈ E .

On this particular graph G′, we define a continuous time random walk Z′(t), t ≥ 0 with
transition rates:

(i, j) → (m, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
|Ni| , if i �∈ {V0 ∪ V1} , i �= j, n = j, m ∈ Ni,

1
|Nj| , if j �∈ {V0 ∪ V1} , i �= j, m = i, n ∈ Nj,

1
|Ni| , if i �∈ {V0 ∪ V1} , m = n, i = j, m ∈ Ni,
−2, if i = m, j = n, i �= j, i, j �∈ {V0 ∪ V1} ,
−1, if i = m = j = n, i �∈ {V0 ∪ V1} ,
−1, if i = m, j = n, i �∈ {V0 ∪ V1} , j ∈ {V0 ∪ V1} ,
−1, if i = m, j = n, j �∈ {V0 ∪ V1} , i ∈ {V0 ∪ V1} ,
0, otherwise.

(12)

The first two lines of Eq. (12) show that the random walk jumps from state (i, j) to
(m, n) along one of the two dimensions independently (either i → m or j → n) given
that the random walk has not hit a stubborn state. The third line of Eq. (12) implies
that once the random walk hits state (i, j), where i = j, it can only jump to the states
of the form (m, n), where m = n.

The transition rate matrix of the random walk in Eq. (12) is equal to the transition
rate matrix of the dual process Ỹ{i,j}(t). To see this, we observe that the transition rates
of the process Z′(t) are such that two particles jumps independently until they coalesce
and move together once they collide, that is, m = n, and sets V0,V1 from absorbing
sets.

By combining our preceding discussion and Eq. (10), we conclude the following.

LEMMA 3.4. For any i, j ∈ G, the limiting covariance between the opinions of these
agents is given by

lim
t→∞

(
E
{
xi(t)xj(t)

} − E {xi(t)}E
{
xj(t)

}) = lim
t→∞P(xi(t) = xj(t) = 1) − pipj

=
∑

m,n∈V1

lim
t→∞P(Z′(t) = (m, n)|Z′(0) = (i, j)) − pipj,

where Z′(t), t ≥ 0 is the random walk on G′ whose transition rates are given in Eq. (12).
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This lemma characterizes the individual terms in Eq. (9), and thus provides a charac-
terization of the limit of the variance. The next proposition introduces the variance of
the asymptotic average opinion, that is, σ(x̄�).

PROPOSITION 3.5. The variance of the asymptotic average opinion is equal to

σ(x̄�) = 1
N2

∑
i,j∈V

⎛
⎝ ∑

m,n∈V1

lim
t→∞P(Z′(t) = (m, n)|Z′(0) = (i, j)) − pipj

⎞
⎠ .

While this result provides an explicit characterization of the variance, it is in terms
of the absorption probabilities of Z′(t) on G′ and does not provide intuition on the effect
of the network structure G on the variance. As a first step in understanding this de-
pendence, we will first show that the variance can be written as a system of harmonic
equations on graph G.

PROPOSITION 3.6. The variance of the asymptotic average opinion is equal to

σ(x̄�) = 1
N2

∑
l∈V\{V0∪V1}

(pl − p2
l )

∑
i,j∈V

P(Il
ij), (13)

where, for each l ∈ V\{V0∪V1}, {Il
ij}i,j∈V is the event that the random walk Z′(t) initialized

at (i, j) hits (l, l) before hitting any other node of the form (l′, l′) or being absorbed by the
absorbing set, and it is the solution of the following system of harmonic equations.

P(Il
ij) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, if i = j �= l,
0, i ∈ {V0 ∪ V1},
0, j ∈ {V0 ∪ V1},
1, if i = j = l, l �∈ {V0 ∪ V1},

1
2|Ni|

∑
i′∈Ni

P(Il
i′j) + 1

2|Nj|
∑

j′∈Nj
P(Il

ij′), otherwise.

The system of harmonic equations follows from the Markovian structure of the random
walk Z′(t). In particular, given the state of the random walk at time t�, the behavior of
the chain is independent of the past states of the chain, that is, at t ∈ [0, t�). Therefore,
the probability of the event Il

ij being equal to the weighted sum of the probabilities that
the random walk Z′(t) initialized at the neighbors of (i, j) hits (l, l) before hitting any
other node of the form (l′, l′).

While Proposition 3.6 provides an analytical way to calculate the exact variance,
it still falls short of providing intuition in terms of the graph characteristics and the
location of the stubborn agent sets. In the following, we will introduce an upper bound
for the variance in terms of the properties of the original graph G as well as locations
of the stubborn agents. Before stating our result, we first define a new variable ri
as follows: define a random walk on the graph G denoted by Zi(t), where node i ∈
V \ (V0 ∪ V1) forms a new stubborn class V2. For a given node j ∈ V, define p̃i

j as the
probability that the random walk Zi(t) initialized at node j is absorbed by the class V2,
that is, node i, before hitting classes V0,V1. Define

ri �
∑
j∈V

p̃i
j. (14)

Hence, ri provides a relative measure of centrality for node i compared to the rest of
the stubborn agents. Note that ri ≥ 1 for all i, since p̃i

i = 1 for all i.
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Our main result provides a bound on the variance of the asymptotic average opinion
in terms of this centrality measure.

THEOREM 3.7. The variance of the asymptotic average opinion is bounded by

σ(x̄�) ≤ 1
N2

∑
i∈V\{V0∪V1}

(pi − p2
i )(ri)2. (15)

The lemma provides a bound on the variance in terms of two quantities: the first is
the term pi − p2

i for a given agent i. Since pi is the bias of agent i and agent values are
binary random variables, pi − p2

i is the variance of the asymptotic opinion of node i,
i.e., σ(x�

i ). This particular term is maximized when pi = 0.5, that is, when individual i
is equally biased towards 0 and 1. In view of the correlation among the agent states,
the variance in the opinion of agent i has a broader effect on the network, which is
reflected in the scaling by (ri)2. We note that ri is a centrality measure for agent i
given by the (sum) probability that random walks initiated at nodes in the network
are absorbed by node i before hitting the stubborn sets V0,V1.

We can motivate the relevance of the measure ri using the intuition of random search
for information held by stubborn agents who act as mavens (see the discussion follow-
ing Proposition 3.2). Agent i, in addition to sets V0 and V1 acts as a maven, and ri is
the (sum) frequency of queries that hit maven i before hitting mavens V0,V1. We will
refer to ri as the relative influence of node i in the network (with respect stubborn sets
V0,V1), since it is a measure of how many queries it can attract in the presence of
stubborn sets V0,V1.

The upper bound in Theorem 3.7 suggests that the variance of the average opinion
of the society may be higher when individuals with high relative influence are equally
biased towards 0 and 1, that is, they have high variability in their opinions. This is
intuitive, since the variance in the opinions of such agents will spread to a more signif-
icant portion of the network. Moreover, the locations of the agents with high relative
influence as well as the uncertainty in their decisions depend on both the graph G
and the stubborn sets V0,V1. Therefore, the graph G can not, by itself, determine the
variability in society’s bias; it is the combination of the graph G and the locations of
the stubborn agents V0,V1 that determine the variance. We refer to societies with low
(high) variances as stable (unstable).

Figure 2 provides a stark example that illustrates the effect of the location of stub-
born agents on the asymptotic variance of the average opinion. In particular, we con-
sider two networks with different stubborn set configurations. In both networks, there
are N nodes, two on the sides and N − 2 in the middle. Stubborn nodes are indicated
by 0 and 1, respectively. The rest of the nodes in the network are assumed to be non-
stubborn. We note that both networks have the same underlying graph G, while the
locations of the stubborn sets are different.

In the first configuration, in view of the symmetry of the graph with respect to V0
and V1, each non-stubborn node has bias equal to 0.5. For a given non-stubborn node
i, its relative influence with respect to the stubborn sets is small. In particular, ri = 1
for all i ∈ V \ {V0 ∪ V1}. It follows from the fact that for a given non-stubborn agent i,
p̃i

i = 1, and p̃i
j = 0, for j �= i.

In the second configuration, similar to the previous case, all non-stubborn agents
have biases equal to 0.5 due to symmetry. However, one can show that the relative
influence of a given non-stubborn node i is �(N). This follows from the fact that when
it acts as a maven, each non-stubborn node becomes as attractive as the stubborn
agents.
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Fig. 2. Two different configurations of stubborn agents on the same graph G.

Fig. 3. Sample paths of the average opinions for configurations in Figures 2(a) and 2(b).

Figure 3 shows the impact of a local modification in the location of stubborn agents
on the variance of the average opinion. Figures 3(a) and 3(b) show sample paths of the
average opinion for the configurations introduced in Figures 2(a) and 2(b), respectively.
In both configurations, N = 100, and the initial opinions of non-stubborn agents are
drawn uniformly randomly. Parallel to our previous discussions, while the mean value
of the average opinion is 0.5 for both configurations, the fluctuation in the latter config-
uration is significantly larger than in the former one. Figure 4 shows the exact variance
σ(x̄�) as a function of the network size N ∈ [3, 500] for the configurations introduced
in Figures 2(a) and 2(b), respectively. In particular, the full line represents the former
configuration and the dotted line represents the latter one. As our bound in Lemma 3.7
has predicted, the variance of the former configuration is less than the variance of the
latter configuration for a given N ∈ [3, 500]. Moreover, two variances scale differently
with respect to N ∈ [3, 500], that is, the variance decreases and approaches 0 as N in-
creases in the former case, while it increases and approaches a nonzero constant in the
latter case. While the results we obtain with relatively small sample sizes (N < 500)
are not easily generalizable, it suggests that our upper bound has scaling properties
which are similar to the actual behavior.
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Fig. 4. The variances of the asymptotic average opinion for configurations in Figures 2(a) and 2(b).

4. A MEASURE FOR CONVERGENCE TIME

In the previous sections, we have provided bounds on the moments of the stationary
distribution of the average opinion of the society. In this section, we present a measure
of convergence time (in continuous time) for agent opinions and provide bounds on this
measure.

In Theorem 2.1 of Section 2, we have shown that the stationary distribution of x(t)
is only a function of G and V0,V1, and thus is independent of the initial opinion dis-
tribution of the non-stubborn agents. Using this fact, we propose a convergence time
measure E{TV0∪V1}, where TV0∪V1 is the first time when the opinions of the stubborn
agents diffuse to the whole graph G and the opinion state vector x(TV0∪V1) becomes
independent of the initial opinions of the non-stubborn individuals.

We can define TV0∪V1 as

TV0∪V1 = arg min
t≥0

{ỸV (t) ∈ {V0 ∪ V1}N},

where ỸV (t) is the dual process defined in Eq. (5) with B = V. In other words, TV0∪V1 is
the first time that the source of all the agent opinions in the network is the stubborn
set, that is, the coalescing random walks initiated at all nodes in G are all absorbed by
the set {V0 ∪ V1}.

At this point, we are ready to introduce the main result of the section.

PROPOSITION 4.1. The convergence time measure E{TV0∪V1} is upper bounded by

E{TV0∪V1} ≤ e
(
1 + log(N − |V0 ∪ V1|)) max

i∈V\{V0∪V1}
EiTV0∪V1 , (16)

where EiTV0∪V1 is the expected first hitting time on the set {V0 ∪ V1}, when the random
walk Z(t) is initialized at node i.

Assuming the edges on G are symmetric and by using bounds on the expected hitting
times on random walks on general graphs (see, e.g., Table 2 of [Aldous and Fill 1994,
Chapter 5.2]), Proposition 4.1 yields the following estimates on the convergence time
measure E{TV0∪V1} for different network topologies: E{TV0∪V1} is O(N log(N−|V0 ∪V1|))
for complete and dense regular graphs, and O(N2 log(N − |V0 ∪ V1|)) for cycles. For
Newman-Wattz small-world network topologies (N, k, p), where the ratio p/N is fixed
and k is O(1), the bound is O(N log2

(N) log(N − |V0 ∪ V1|)) [Addario-Berry and Lei
2012; Aldous and Fill 1994, Chapter 3.4]. We note that these bounds are the worst-
case bounds in terms of the locations of the stubborn sets. Moreover, O(N3 log(N −
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|V0 ∪ V1|)) is the bound for the worst-case scenario, that is, is satisfied by any graph G
and stubborn sets V0,V1.

5. OPTIMAL STUBBORN AGENT PLACEMENT

In Section 3, we have characterized the long-term behavior of the society in terms
of the underlying connectivity and the locations of the stubborn sets. In this section,
we will focus on a design problem which will be referred to as the optimal stubborn
agent placement problem. In particular, we assume that we are given a network G
and a set of stubborn agents of type zero V0 �= ∅ and a set of stubborn agents of type
one V1 with known locations. Given k > 0, our goal is to choose k nodes from the set
V \ {V0 ∪ V1} which will be added to the set V1 such that the bias of the society is
maximized.

In the following, we will first focus on the case where k = 1, and then introduce the
general formulation.

5.1. A Special Case: k = 1

In this special setting, our goal is to pick a single node l as a stubborn agent of type one
given the sets V,V0,V1. We first recall that, by Proposition 3.2, the average opinion of
a given node i is equal to the probability that the random walk Z(t) is absorbed by the
type-one stubborn set, which in this case is V1 ∪ l, given that the walk has been started
at node i. Denoting this particular probability as pV1∪l

i , our maximization problem can
be written as

max
l∈V\(V0∪V1)

∑
i∈V

pV1∪l
i . (17)

In the following, we will focus on the jump matrix T of the continuous-time random
walk Z(t) with stubborn sets V0 and V1. The jump matrix T ∈ R

N×N will have the
following structure:

[T]ij =

⎧⎪⎨
⎪⎩

1
|Ni| , if i �∈ V0,V1, j ∈ Ni,
1, i = j, i ∈ V0,V1
0, otherwise.

(18)

The structure follows from the transition rates of Z(t) given in Eq. (7) and our discus-
sions in Appendix 6.

Without loss of generality, we assume that {1, . . . , |V0|} nodes are stubborn agents
with type zero, and {|V0| + 1, . . . , |V1| + |V0|} are stubborn agents with type one. Then,
we can partition T as

T =
⎡
⎣ IV0 0 0

0 IV1 0
C0 C1 D

⎤
⎦ , (19)

where IV0 is |V0| × |V0| identity matrix, IV1 is |V1| × |V1| identity matrix, C0 ∈
R

(N−|V0|−|V1|)×|V0|, C1 ∈ R
(N−|V0|−|V1|)×|V1|, and D ∈ R

(N−|V0|−|V1|)×(N−|V0|−|V1|). We note
that C0 defines the transition probabilities from non-stubborn nodes to type-zero stub-
born nodes, C1 defines the transition probabilities from non-stubborn nodes to type-one
stubborn nodes, and D determines the transition probabilities among non-stubborn
nodes. The matrix (I − D)−1 is the fundamental matrix of the chain and [(I − D)−1]ij
is equal to the expected number visits to node j before absorption, given that the walk
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has been initiated at node i [Seneta 1981, Theorem 4.5]. Moreover, (I − D)−1 can be
determined completely given V, V0, V1.

Without loss of generality, let’s assume that we pick node l = |V0| + |V1| + 1 as
a candidate for our maximization problem in Eq. (17). Assigning a type-one label to
this particular node, the transition probability matrix of the random walk with an
additional absorbing state |V0| + |V1| + 1 becomes

T̃ =

⎡
⎢⎢⎢⎣

IV0 0 0 0
0 IV1 0 0
0 0 1 0

C̃0(l) C̃1(l) c̃(l) D̃(l)

⎤
⎥⎥⎥⎦ , (20)

where C̃0(l) ∈ R
(N−|V0|−|V1|−1)×|V0|) defines the transition probabilities from non-

stubborn nodes to the set V0, C̃1(l) ∈ R
(N−|V0|−|V1|−1)×|V1|) defines the transition

probabilities from non-stubborn nodes to the set V1, c̃(l) ∈ R
(N−|V0|−|V1|−1)×1 deter-

mines the transition probabilities from non-stubborn nodes to the candidate node, and
D̃(l) ∈ R

(N−|V0|−|V1|−1)×(N−|V0|−|V1|−1) defines the transition probabilities among non-
stubborn nodes. By the theory of homogeneous Markov Chains, [ limk→∞(T̃)k]ij corre-
sponds to the probability that random walk initiated at node i is absorbed by node j
[Seneta 1981, Ch. 4.2]. With some algebra, one can show that

lim
k→∞

(T̃)k = lim
k→∞

⎡
⎢⎢⎢⎣

IV0 0 0 0
0 IV1 0 0
0 0 1 0(∑k

s=1 D̃(l)
s)

C̃0(l)
(∑k

s=1 D̃(l)
s)

C̃1(l)
(∑k

s=1 D̃(l)
s)

c̃(l) D̃(l)
k

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

IV0 0 0 0
0 IV1 0 0
0 0 1 0

(I − D̃(l))−1C̃0(l) (I − D̃(l))−1C̃1(l) (I − D̃(l))−1c̃(l) 0

⎤
⎥⎥⎥⎦ . (21)

It should be clear from Eq. (21) that the sum of the absorption probabilities by the set{
V1 ∪ l

}
is simply∑

i∈V
pV1∪l

i = |V1| + 1′(I − D̃(l))−1C̃1(l)1 + 1 + 1′(I − D̃(l))−1c̃(l), (22)

where 1 is all ones vector with appropriate dimensions. In other words, if node l =
|V0| + |V1| + 1 is chosen as the stubborn agent with label one, then the value of the
objective function in Eq. (17) is equal to Eq. (22). The same argument could be used to
calculate the value of the objective function for any given l ∈ V \ {V0 ∪ V1}.

For a given l, the complexity of calculating the fundamental matrix (I − D̃(l))−1 is
O((N−|V0|−|V1|)3), since it requires the inversion of an (N−|V0|−|V1|)×(N−|V0|−|V1|)
matrix. Once the fundamental matrix is computed for a given l, the objective requires
O((N −|V0|−|V1|)2 ×|V1|) more operations. Therefore, the complexity of calculating the
value of the objective for a given l is max(O(N−|V0|−|V1|)3, O((N−|V0|−|V1|)2 ×|V1|)).
An exhaustive search over the columns can be conducted for determining the optimal
l, bringing the total complexity to max(O(N − |V0| − |V1|)5, O((N − |V0| − |V1|)4 × |V1|)).
In the following corollary, we summarize the main result of the section.
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Fig. 5. A small-world network with 50 nodes. Node 1 is a stubborn agent with type zero.

COROLLARY 5.1. Given a network G with the sets of stubborn agents of type zero
and type one, V0 �= ∅ and V1; for k = 1, the solution for the optimal agent placement
problem is

arg max
l∈V\V0

∑
i∈V

pV1∪l
i = |V1| + 1 + 1′(I − D̃(l))−1C̃1(l)1 + 1′(I − D̃(l))−1c̃(l),

where D̃(l), C̃1(l), c̃(l) are given in Eq. (20).

We would like to note that the preceding results would hold even when the set V1 is
empty. The optimal stubborn agent placement problem for the voter model has been
briefly discussed by Wu and Huberman [2004]. The authors concluded that nodes with
higher degrees (i.e., number of neighbors) contribute more to the bias of the society
regardless of the graph G and the locations of the other stubborn nodes. Therefore, the
node with the highest degree is the solution for the optimal stubborn agent placement
problem for k = 1. We would like to emphasize that their analysis is based on the
mean field approximation technique as well as averaging over random graphs. On the
other hand, our result in Corollary 5.1 is exact and shows that the optimal placement
problem depends on the global properties of G through the fundamental matrix D, thus
the solution can not be determined only by the local neighborhood structures.

In Figure 5, we introduce a small-world network with 50 nodes and rewiring prob-
ability 0.5. In the sample network, node 1 is chosen as a stubborn agent with type
zero. Node 7 is optimal solution of agent placement problem. On the other hand, node
40 is the node with the highest degree. It is clear that the node with the highest de-
gree is not necessarily the optimal solution. Similarly, node 11 has the highest be-
tweenness centrality, and node 40 has the highest eigenvector centrality [Jackson 2008,
Chapter 2]. In other words, the solution to the optimal agent placement problem does
not necessarily coincide with the existing centrality measures, since the solution is a
function of the locations of the type-zero stubborn agents as well as the underlying
connectivity G.

5.2. General Case: k > 1

For any k > 1, our optimization problem becomes

max
l1,l2,...,lk∈V\V0

∑
i∈V

pl1∪...∪lk
i , (23)

thus one needs to search over all the k-tuples to determine the global optima. In the fol-
lowing, we will introduce a greedy suboptimum algorithm for the maximization prob-
lem and bound the level of suboptimality of the resulting solution.
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We first introduce the definition of a submodular function.

Definition 5.2. Let V be a finite set and f be a real-valued function defined on the
collection of subsets of V. The function f is called a submodular function if and only if

f (S1) + f (S2) ≥ f (S1 ∪ S2) + f (S1 ∩ S2), for all S1,S2. ⊂ V.

In the following, we will prove that the objective function of our maximization problem
is indeed submodular.

LEMMA 5.3. The objective function of the maximization problem in Eq. (23) is sub-
modular.

Since the objective function is submodular, we can use the greedy algorithm, in which
we place k agents sequentially. We note that the greedy algorithm terminates in at
most k steps, each of which has polynomial complexity, as discussed in Section 5.1. We
can bound the performance characteristics of the preceding algorithm as follows.

COROLLARY 5.4. For a given k = K ≥ 1, denote the optimal and the greedy solutions
of the maximization problem in Eq. (23) as So and Sg, respectively. Then, the following
holds true. (

1 − 1
e

)∑
i∈V

pSo

i ≤
(

1 −
(

K − 1
K

)K
)∑

i∈V
pSo

i ≤
∑
i∈V

pSg

i ≤
∑
i∈V

pSo

i .

Kempe et al. [2003, 2005] and Kleinberg [2007] used a similar greedy algorithm in the
context of influence maximization. However, our update mechanism is not a special
case of their framework; therefore, we establish submodularity of the objective function
of the optimal agent placement problem independently in Lemma 5.3.

5.3. Gluing Argument and Strong Bottleneck Formation

While the discussions in Sections 5.1 and 5.2 provide explicit analytical results, they
do not provide significant intuition on the optimal placement of stubborn agents of
type one for a given society G and stubborn set V0. In the following, we will try to fill
that gap by analyzing absorption probabilities in more detail.

For a given society G and the stubborn set of type zero agents V0, let’s assume that
V1 ⊂ V \V0 is the set of stubborn agents of type one. Then, by Eq. (23), the value of the
objective function is equal to ∑

i∈V
pV1

i . (24)

To calculate this probability, we construct a graph G′′(V ′′, E ′′) by collapsing the sets
V0 and V1 into single nodes. In particular, the set V ′′ will be generated by a function
f : V → V ′′ such that

f (i) =
⎧⎨
⎩

i, ∀i �∈ V0 ∪ V1,
v0, ∀i ∈ V0,
v1, ∀i ∈ V1.

(25)

Therefore, the node set V ′′ = (V \ (V0 ∪ V1)) ∪ {v0} ∪ {v1}, with cardinality |V ′′| = N −
|V0| − |V1| + 2. Moreover, each (i, j) ∈ E will be mapped into G′′ as (f (i), f (j)) ∈ E ′′. This
argument is known as gluing of vertices [Levin et al. 2006].
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Following our previous discussion, the next proposition is in order.

PROPOSITION 5.5. For a given G,V0, and V1 and corresponding glued graph G′′, the
following holds.

pV1
i = pv1

f (i), for all i ∈ V,

where pV1
i is the probability that the random walk on G with transition rates given in

Eq. (7) and initiated at node i will be absorbed by the class V1, and pv1
f (i) is the probability

that the random walk on G′′ with transition rates given in Eq. (7) and initiated at node
i will be absorbed by the node v1.

At this point, we will define a new random walk on G′′, where nodes v0 and v1 are
non-absorbing states. Therefore, when the random walk visits any of these two states
during a sample process, it will not be absorbed and jump to any of the neighboring
nodes with nonzero probability. The rest of the transition probabilities will stay the
same. For the modified process, we define EiT̃j as the expected first hitting time of the
walk to node j when it is initialized at node i, and K̃(i, j) is the mean commute time
between nodes i and j [Aldous and Fill 1994, Chapter 2]

Then, the absorption probability pV1
i can be written as [Aldous and Fill 1994,

Chapter 2] as follows.

pV1
i = pv1

f (i) = Ef (i)T̃v0 + Ev0T̃v1 − Ef (i)T̃v1

K̃(v1, v0)
, for each i ∈ V \ V0. (26)

We note that the term Ef (i)T̃v0 is the expected hitting time of the modified process to
v0 when the random walk is initialized at node f (i). We can expand this particular
term as

Ef (i)T̃v0 = Ef (i)T̃v1 + Ev1T̃v0 − ε̃(f (i), v1, v0). (27)

We first note that Ef (i)T̃v1 +Ev1T̃v0 is the expected hitting time to v0 when the modified
random walk is initialized at node f (i) conditioned on the event that the walk visits
node v1 before hitting v0. On the other hand, Ef (i)T̃v0 is equal to the expected hitting
time to v0 when the random walk is initialized at node f (i) without any constraints.
Therefore, Ef (i)T̃v1 + Ev1T̃v0 ≥ Ef (i)T̃v1 , and ε̃(f (i), v1, v0) is a nonnegative quantity.
Moreover, ε̃(f (i), v1, v0) = 0 if and only if all of the paths from node f (i) to v0 pass
through v1, that is, v1 is a bottleneck between i and v0. Therefore, this particular term
shows how strong of a bottleneck the node v1 is between node f (i) and the node v0 on
G′′. Equivalently, it is an indicator of how strong of a bottleneck the set V1 is between
node i and the set V0 in G.

Combining Eqs. (26) and (27),

pV1
i = pv1

f (i) = Ev0T̃v1 + Ev1T̃v0 − ε̃(f (i), v1, v0)

K(v1, v0)
= 1 − ε̃(f (i), v1, v0)

K̃(v1, v0)
, (28)

where the second equality follows from the definition of the mean commute time, that
is, K̃(v1, v0) = Ev0T̃v1 + Ev1T̃v0 [Aldous and Fill 1994, Chapter 2]. Combining the pre-
ceding equation with Eq. (24), the value of the objective function (or the bias of the
society towards the opinion 1) is∑

i∈V\V0

pV1
i =

∑
f (i)∈V ′′\{v0}

pv1
f (i) = |N| − |V0| −

∑
f (i)∈V ′′\{v0}

ε̃(f (i), v1, v0)

K̃(v1, v0)
. (29)
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Fig. 6. Pairs with the same background denote respective locations of type-zero and type-one agents.

Fig. 7. Different configurations of the set V0 and corresponding optimal type-one agent locations.

We would like to remind our readers that ε̃(f (i), v1, v0) measures how strong of a bot-
tleneck set V1 is between node i and set V0 in the original graph G, and K̃(v1, v0) mea-
sures the distance between sets V0 and V1 on G. Since we are searching for a set V1 that
maximizes the preceding summation, a suitable candidate should minimize the terms
ε̃(i, v1, v0) and maximize the term K̃(v1, v0). In other words, the candidate node should
be as far away from the stubborn set V0 and/or assume strong bottleneck property
between the overall society and the stubborn set V0.

In the following, we will investigate several interesting graphs with different sizes
of stubborn sets. In Figure 6, the underlying graph is a 7 × 7 square grid. Pairs with
the same background denote respective locations of type-zero and type-one agents in
three different experiments. In each experiment, similar to our setup before, the lo-
cation of the type-zero agent is fixed, and the optimal location of the type one agent
is determined. For each of the cases, the optimal type one agent is close to the type
zero node and closer to the center of the society than the type zero agent itself. Results
coincide with our argument in Eq. (29), since the type one agent tries to form a bottle-
neck between the stubborn agent and the rest of the network in each of the cases. In
Figure 7, we switch to a scenario where there are two stubborn agents of type zero, that
is, |V0| = 2, and we need to place a single type-one agent in the optimal way. When the
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Fig. 8. Different configurations of type-zero and corresponding optimal type-one agent locations. Black
nodes represent type-zero agents.

stubborn set V0 is contained, that is, the elements of the set are close to each other, the
behavior is similar to the case where there is a single stubborn agent of type zero. As
set V0 becomes distributed over the network, the type-one agent preserves equal dis-
tance from each of the type-zero agents. In fact, this particular behavior also coincides
with our bottleneck argument in Eq. (29). In Figure 8, we introduce glued versions of
the networks given in Figure 7. In the first three examples, that is, Figure 8(a)–(c), the
type-one agent is placed close to the type-zero agent’s neighborhood and is closer to
the center of the society than the type zero agent itself. Thus, parallel to our argument
in Eq. (29), the type-one agent tries to form a bottleneck between the society and the
stubborn agent of type zero. We note that bottleneck formation is not as strong as the
cases given in Figure 6, since the type-zero agent’s neighbors are not confined. A more
interesting formation occurs in Figure 8 (d), where the type-zero agent’s neighbors are
sparsely distributed in the network. In this particular case, the optimal placement for
the type-one agent is closer to the center of the society, since favoring one of the dis-
tinct neighborhoods of the type-zero agent would result in weak bottleneck effect for
the other neighborhood.

6. CONCLUSION

In this article, we study a binary opinion dynamics model in social networks with two
distinct types of individuals, that is, stubborn and non-stubborn. Each individual can
have two possible positions on a given subject, {0} or {1}. Stubborn agents have fixed
opinions, while each non-stubborn agent periodically adopts the opinion of randomly
chosen neighbor.

In this model, stubborn agents with opposing views prevent consensus in the soci-
ety. However, under mild connectivity assumptions, we show that agent state vector
converges in distribution. The stationary distribution of the agent state vector is inde-
pendent of the initial opinions of the non-stubborn agents, thus the distribution of the
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agent state vector is completely determined by the underlying graph and the locations
of the stubborn agents.

We next study the stationary distribution of the average opinion of the society x̄(t).
Our analysis relies on an extension of the dual approach for the classical voter model,
which involves coalescing random walks with absorbing states given by the stubborn
agents. Our main results characterize the first two moments of the asymptotic average
opinion. In particular, the expected value of the asymptotic opinion of agent i is given
by the probability that the dual random walk on G initiated at node i is absorbed by the
stubborn set of type one. We characterize the fluctuations in the asymptotic average
opinion of the society through the variance of x̄(t) in the limit.

Similar to the expected value of the average opinion, the variance of the asymptotic
average opinion can be written in terms of the absorption probabilities of the dual
process (coalescing random walks) on the graph. We further show that the variance
is given by a function of the unique solution of a system of harmonic equations. We
introduce an upper bound for the variance of the asymptotic average opinion in terms
of the graph structure as well as the locations of the stubborn agent. In particular,
our upper bound is in terms of a novel node-centrality measure, which captures the
relative influence of that node with respect to the stubborn agent sets. In the bound,
the centrality measure of a given node i is scaled by the variance of the asymptotic
opinion of an agent i; therefore, the bound suggests that the variance of the asymp-
totic average opinion of the society may be higher when individuals with high relative
influence are equally biased towards opinions 0 and 1. We discuss, by an example, that
perturbations on the locations of the stubborn sets can transform a stable society into
an unstable society. We introduce a convergence measure for the model and character-
ize its scaling properties with respect to the graph size N in terms of the first hitting
times of the dual process.

In the second part of the article, we study the optimal stubborn agent placement
problem in which the goal is to choose the location of k stubborn agents of a given
type (i.e., type one) to maximize the bias of the society. We assume that the underlying
graph and the location of the stubborn agents of type zero are given. We first focus on
the case k = 1 and provide a closed-form expression for the optimal solution in terms
of the fundamental matrix of the dual random walk. For k > 1, we show we show that
the objective function is submodular, propose a greedy algorithm, and bound the level
of suboptimality of the solution by (1 − 1/e). We leave consideration of other metrics,
such as minimizing the variance of the asymptotic average opinion for future work.

APPENDIXES

Proofs of theorems, lemmas, and propositions.

A.1. Proof of Theorem 2.1

We first note that we can characterize the behavior of the agent state vector x(t) by a
continuous-time homogenous Markov Chain M with state space SM. The continuous-
time nature of the process follows from the fact that each agent reassesses her opinion
according to a Poisson process. The Markovian nature of the process is due to the fact
that each agent reassesses her opinion independently; therefore, for given t, t1, t2 > 0,
x(t + t1) and x(t − t2) will be independent conditioned on x(t). Each state of the chain
is an N-dimensional vector, where each dimension represents the value of a particular
node in V. Moreover, the cardinality of the state space SM is 2N−|V0∪V1|, since stubborn
agents do not update their opinions and the opinions of non-stubborn agents can only
take two possible values, that is, 0 or 1.
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We denote the transition rate matrix of M as QM. We define the corresponding jump
matrix as PM [Norris 1998, Chapter 2]:

[PM]ij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[QM]ij
−[QM]i

, if j �= i, [QM]i �= 0,
0, j �= i, [QM]i = 0,
0, j = i, [QM]i �= 0,
1, j = i, [QM]i = 0,

(30)

where [QM]i = −∑
j∈V ,j �=i[QM]ij. In the following, we will first show that a discrete-

time Markov Chain associated with PM, that is, the embedded chain, has a single
recurrent class.

Without loss of generality, we assume that the chain has a nonempty set of tran-
sient states. Therefore, by potentially reordering the state space of M, we can
partition PM as

PM =
[

P1 0
R U

]
, (31)

such that limk→∞ Uk = 0. The matrix U represents the transition probabilities be-
tween transient states. The set of indices corresponding to P1 are the set of recurrent
states. We will denote these indices as M1. In the following, we will prove that the set
of recurrent states forms a single class, that is, if y, z ∈ M1, then y ↔ z. Note that
both y and z correspond to an N-dimensional state vector in the binary voter model.
We denote these state vectors as xy and xz. Define the set D = {

m|[xy]m �= [xz]m
}
, that

is, the set of indices that are different in the configurations xy and xz. We first note that
for each m ∈ D, there exists a path from node m to at least one of the agents in the set
V0 that does not go through V1, and vice versa. We note that if this were not true, then
at least one of xy, xz would be a transient state.

For a given m ∈ D, determine a path from V1 to node m ∈ V which does not go
through V0. Then, consider the following chain of events: the first non-stubborn node
along the path chooses a stubborn node in V1 and adopts its decision; the second non-
stubborn node chooses the first non-stubborn node and adopts its decision; so on. It
should be clear that this particular event has nonzero probability for state vectors xy
and xz. Therefore, for a given m ∈ D, this particular event will transform xy and xz
into xy′ and xz′ , respectively, where D′ = {

m|[xy′]m �= [xz′ ]m
}

is a strict subset of D. If
we apply the preceding argument for each m ∈ D sequentially, then xy and xz will be
transformed into xy� = xz� .

We note that since y is a recurrent state and y → y�, then y� is also a recurrent state,
that is, y ↔ y�. In the same way, one can show that z ↔ z�. Finally, since y� = z� and
recurrence is a class property, y ↔ z. This completes the proof of the claim that the
discrete-time Markov Chain associated with PM has a single recurrent class.

We note that a state y ∈ SM in the continuous-time Markov Chain M is recur-
rent if and only if it is recurrent in the embedded chain given by Eq. (30) [Norris 1998,
Chapter 3]. Therefore, the continuous-time chain M has a single recurrent class. More-
over, since M has a finite state space, that is, |SM| = 2N−|V0∪V1| and finite arrival rates,
that is, γ = 1, the chain has a unique stationary distribution [Norris 1998, Chapter 3].

A.2. Proof of Proposition 3.2

Since xi(t) is a binary random variable for all i ∈ V and t ≥ 0,

lim
t→∞E {xi(t)} = lim

t→∞P(xi(t) = 1), (32)
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where P(.) is the probability of its argument. We note that, by our discussion in Sec-
tion 2.3.2, we can track the source of the opinion of agent i at time t ≥ 0 by the dual
process Ỹi(t − s). Since all nodes are realized according to a rate 1 Poisson process and
non-stubborn nodes adopt the opinion of randomly chosen neighbors, the dual process
Ỹi(t − s) is a random walk with transition rates given in Eq. (7). Moreover, by choosing
s = 0,

xi(t) = xỸi(t)
(0), t ≥ 0.

Since Ỹi(t) is a random walk on a finite graph G, the connectivity of G is such that
there exists a path from each non-stubborn node to at least one stubborn node, and
there exist two nonempty absorbing classes V0 and V1, then limt→∞ Ỹi(t) ∈ {V0 ∪ V1}
with probability 1 [Seneta 1981, Chapter 4.2]. By noting that xj(0) = 0 if j ∈ V0, and
xj(0) = 1 if j ∈ V1,

lim
t→∞P(xi(t) = 1) = lim

t→∞P(xỸi(t)
(0) = 1) = lim

t→∞P(Ỹi(t) ∈ V1). (33)

By combining Eqs. (32) and (33),

lim
t→∞E {xi(t)} = lim

t→∞P(Ỹi(t) ∈ V1). (34)

Moreover, since xi(t)
D−→ x�

i by Theorem 2.1, and xi(t) is a real valued random variable
for each i ∈ V and t ≥ 0,

lim
t→∞E

{
f (xi(t))

} = E
{
f (x�

i )
}

,

for each bounded and continuous function f : R → R. If we construct f �(x) such that

f �(x) =
⎧⎨
⎩

0, x < 0,
x, x ∈ [0, 1] ,
1, x > 1,

then f �(x) is bounded and continuous on its domain. Therefore,

lim
t→∞E

{
f �(xi(t))

} = E
{
f �(x�

i )
}

.

Moreover, since xi(t) ∈ {0, 1}, E {
f �(xi(t))

} = E {xi(t)}. Thus,

lim
t→∞E {xi(t)} = lim

t→∞E
{
f �(xi(t))

} = E
{
f �(x�

i )
} = E

{
x�

i
}

. (35)

Combining Eq. (34) with Eq. (35), we obtain our result:

E
{
x�

i
} = lim

t→∞E {xi(t)} = lim
t→∞P(Ỹi(t) ∈ V1).

A.3. Proof of Proposition 3.5

We first note that the equality

lim
t→∞ σ(x̄(t)) = 1

N2

∑
i,j∈V

⎛
⎝ ∑

m,n∈V1

lim
t→∞P(Z′(t) = (m, n)|Z′(0) = (i, j)) − pipj

⎞
⎠ ,

follows from Lemma 3.4 and Eq. (9). Therefore, we only need to show the following
equality.

σ(x�) = lim
t→∞ σ(x̄(t)).
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Since x̄(t)
D−→ x� by Corollary 3.1, and x̄(t) is a real valued random variable for t ≥ 0,

then

lim
t→∞E

{
f (x̄(t))

} = E
{
f (x̄�)

}
,

for each bounded and continuous function f : R → R. If we construct f �(x) such that

f �(x) =
⎧⎨
⎩

0, x < 0,
x2, x ∈ [0, 1] ,
1, x > 1,

then f �(x) is bounded and continuous on its domain. Therefore,

lim
t→∞E

{
f �(x̄(t))

} = E
{
f �(x̄�)

}
.

Moreover, since x̄(t) ∈ {0, 1}, E {
f �(x̄(t))

} = E
{
(x̄(t))2}. Thus,

lim
t→∞E

{
f �(x̄(t))

} = lim
t→∞E

{
(x̄(t))2

}
= E

{
f �(x̄�)

} = E

{
(x̄�)2

}
. (36)

By the same way, one can also show that limt→∞ E {x̄(t)} = E {x̄�}. Therefore,

σ(x�) = lim
t→∞ σ(x̄(t)).

A.4. Proof of Proposition 3.6

We first define the event Il
ij as follows: for l ∈ V \ {V0 ∪ V1}, Il

ij is the event that the
random walk Z′(t) on G′ , initialized at the node (i, j), hits the node (l, l) before being
absorbed by the absorbing states or before hitting any other node of the form (l′, l′),
l′ ∈ V \ l. In other words, Il

ij is the event that the coalescing random walks on G,
initialized at nodes i and j, coalesce at node l ∈ V \ {V0 ∪ V1} before being absorbed.
Therefore,∑

m,n∈V1

lim
t→∞P(Z′(t)=(m, n)|Z′(0)=(i, j))=

∑
m,n∈V1

∑
l∈V\{V0∪V1}

P(Il
ij) lim

t→∞P(Z′(t)

= (m, n)|Z′(0) = (l, l)) + P(Aij)

=
∑

l∈V\{V0∪V1}
P(Il

ij)pl + P(Aij),

where Aij is the event that the walk Z′(t) is absorbed by the absorbing set before hitting
(l, l), l ∈ V \ {V0 ∪ V1}. Moreover,

pipj =
∑

l∈V\{V0∪V1}
P(Il

ij)p
2
l + P(Aij),

since this particular case corresponds to two independent random walks on the graph
G. Therefore, by Proposition 3.5, the variance of the asymptotic average opinion is
equal to.

σ(x̄�) = 1
N2

∑
l∈V\{V0∪V1}

(pl − p2
l )

∑
i,j∈V

P(Il
ij), (37)
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Finally, for a given l, P(Il
ij) is a nonnegative harmonic function with the following con-

ditions [Aldous and Fill 1994].

P(Il
ij) =

⎧⎪⎨
⎪⎩

0, if i = j �= l, or , i ∈ {V1 ∪ V0}, or , j ∈ {V1 ∪ V0},
1, if i = j = l,

1
2|Ni|

∑
i′∈Ni

P(Il
i′j) + 1

2|Nj|
∑

j′∈Nj
P(Il

ij′), otherwise.

A unique solution for the preceding harmonic system exists [Aldous and Fill 1994].

A.5. Proof of Theorem 3.7

In the following, we will bound the term P(Il
ij) in Eq. (13) for each i, j ∈ V and l ∈

V \ {V0 ∪ V1}. We first note that Il
ij is the event that the coalescing random walks on G,

initialized at nodes i and j, coalesce at node l ∈ V \ {V0 ∪ V1} before being absorbed. At
this point, for a given (i, j, l), we modify the coalescing random walks on V as follows:
the coalescing random walks initialized at i and j can only coalesce at l, that is, if the
individual random walks meet at a given node l′ /∈ {V0 ∪ V1 ∪ l}, they will not coalesce.
We further assume that node l is an absorbing state, that is, if either i or j hits node l, it
will be absorbed by that particular node. At this point, we observe that the probability
that the modified process coalescing at node l is greater than equal to P(Il

ij). Finally,

the coalescing probability in the modified process is simply p̃l
ip̃

l
j. Using the fact that

p̃l
ip̃

l
j ≥ P(Il

ij) for all i, j ∈ V, l ∈ V \ {V0 ∪ V1}, our result follows.

A.6. Proof of Proposition 4.1

We first introduce a lemma by Aldous on the exponentiality of the tails of the hitting
times on Markov chains.

LEMMA A.1. [ALDOUS AND FILL 1994, CHAPTER 2.4.3]. For a given finite-state
irreducible Markov Chain M with state space S, define Ti

A as the first hitting time on
a subset A ⊂ S when the chain is initialized at node i. Denoting EiTA as the expected
value of Ti

A and m = maxi∈S EiTA,

max
i∈S

P(Ti
A > t) ≤ exp

(
−� t

em
�
)

,

where exp is the exponential function, e is the exponential coefficient, and �.� is the floor
of its argument.

We first note that the dual process ỸV (t) consists of N individual random walks.
Therefore,

TV0∪V1 ≤ max
i∈V

{Ti
V0∪V1

}, (38)

where Ti
V0∪V1

= arg mint≥0{Ỹi(t) ∈ {V0 ∪ V1}}, for all i ∈ V. We note that Ti
V0∪V1

is the
first hitting time of the random walk Z(t) in Eq. (7) to the set {V0 ∪V1}, when initialized
at node i.
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In the light of Lemma A.1 and the previous discussion, the convergence time mea-
sure E{TV0∪V1} can be bounded as

E{TV0∪V1} =
∫ ∞

t=0
P(TV0∪V1 > t)dt

≤
∫ ∞

t=0
P( max

i∈V\{V0∪V1}
Ti
V0∪V1

> t)dt

≤
∫ ∞

t=0
min

(
1, (N − |V0 ∪ V1|)exp

( −t
e maxi∈V\{V0∪V1} EiTV0∪V1

))
dt

= e (2 + (N − |V0 ∪ V1|)) max
i∈V\{V0∪V1}

EiTV0∪V1 ,

where the first equality follows from the fact that TV0∪V1 is nonnegative, the first in-
equality is due to Eq. (38), and the last equality follows from the fact that [Aldous and
Fill 1994, Chapter 5.3.2]∫ ∞

t=0
min

(
1, Ae−at)dt = 1 + log A

a
, A ≥ 1.

A.7. Proof of Lemma 5.3

Let S1 and S2 be two nonempty subsets of V \ V0. Denoting Pi(Tu < Tv) as the proba-
bility that the random walk initiated at node i hits state u before hitting v,

Pi(TS1 < TV0) = Pi(TS1 < TV0 ∩ TS1 < TS2) + Pi(TS1 < TV0 ∩ TS1

= TS2) + Pi(TS1 < TV0 ∩ TS1 > TS2), (39)

where Eq. (39) is due to the partitioning theorem [Jacod and Protter 2000]. By the
same argument, the following also holds true.

Pi(TS2 < TV0) = Pi(TS2 < TV0 ∩ TS2 < TS1) + Pi(TS2 < TV0 ∩ TS2

= TS1) + Pi(TS2 < TV0 ∩ TS2 > TS1). (40)

Moreover, in the case that S1 and S2 are merged to form a single class,

Pi(TS1∪S2 < TV0) = Pi(TS1 < TV0 ∩ TS1 < TS2) + Pi(TS2 < TV0 ∩ TS2 < TS1) (41)
+ Pi(TS1∩S2 < TV0 ∩ TS1∩S2 < TS1\S2 ∩ TS1∩S2 < TS2\S1), (42)

where the first term in Eq. (41) is the probability that the random walk hits to set S1
before hitting {V0 ∪ S2}, the second term is the probability that the random walk hits
to set S2 before hitting {V0 ∪ S1}, and the term in Eq. (42) is the the probability that
the random walk hits to set S1 ∩ S2 before hitting {V0 ∪ S1 ∪ S2 \ (S1 ∩ S2)}. Finally,

Pi(TS1∩S2 < TV0) ≤ Pi(TS1 < TV0 ∩ TS2 = TS1), (43)

where the inequality follows from the fact that TS2 = TS1 is the set of events where
the hitting times to sets S1 and S2 are equal. We note that this is a necessary condition
for the random walk hitting the intersection.

Combining Eqs. (39)–(43), we can show that

Pi(TS1 < TV0) + Pi(TS2 < TV0) ≥ Pi(TS1∪S2 < TV0) + Pi(TS1∩S2 < TV0). (44)

By noting that Pi(TS1 < TV0) = pS1
i by definition and summing over all i ∈ V, we

conclude our proof. ∑
i∈V

pS1
i +

∑
i∈V

pS2
i ≥

∑
i∈V

pS1∪S2
i +

∑
i∈V

pS1∩S2
i .
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A.8. Proof of Proposition 5.5

Without loss of generality, we assume that {1, . . . , |V0|} nodes are stubborn agents with
type zero, and {|V0|+1, . . . , |V0|+|V1|} are stubborn agents with type one. The transition
probability matrix of the discrete time random walk on a given graph G (stubborn sets
V0 and V1 absorbing states) can be written as (see Section 5.1)

T =
⎡
⎣ IV0 0 0

0 IV1 0
A B C

⎤
⎦ , (45)

where A defines the transition probabilities from non-stubborn nodes to the set V0,
B determines the transition probabilities from non-stubborn nodes to the set V1, and
C defines the transition probabilities among non-stubborn nodes. Parallel to our argu-
ment in Eq. (22), the probability that the random walk initiated at node i ∈ V \{V0 ∪V1}
will be absorbed by the absorbing class V1 is equal to

pV1
i = ei′(I − C)−1B1, (46)

where ei ∈ R
(N−|V0|−|V1|)×(N−V0−V1), i ∈ {V0 + V1 + 1, . . . , N}, ei

j = 1, if j = i − |V0| − |V1|,
and ei

j = 0 otherwise. If we focus on the glued graph G′′, the transition probability
matrix of the discrete time random walk can be written as

T =
⎡
⎣ 1 0 0

0 1 0
a b C

⎤
⎦ . (47)

We note that a and b are vectors and are equal to a = A1, b = B1, respectively, due
to the construction given in Eq. (25). Moreover, the probability that the random walk
initiated at node f (i) ∈ V ′′ \ {{v0} ∪ {v1}} will be absorbed by the absorbing node v1 is
equal to

pv1
f (i) = ei′(I − C)−1b = ei′(I − C)−1B1. (48)

Our claim follows from Eqs. (46) and (48).
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